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Abstract
We study the energy spectrum and persistent current of charge carriers confined in a graphene
quantum ring geometry of radius R and width w subjected to a magnetic flux. We consider the
case where the crystal symmetry is locally modified by replacing a hexagon by a pentagon, square,
heptagon or octagon. To model this type of defect we include appropriate boundary conditions
for the angular coordinate. The electrons are confined to a finite width strip in radial direction by
setting infinite mass boundary conditions at the edges of the strip. The solutions are expressed in
terms of Hankel functions and their asymptotic behavior allows to derive quantized energy levels
in the presence of an energy gap. We also investigate the persistent currents that appear in the
quantum ring and how wedge disclination influences different quantum transport quantities.
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1 Introduction
Graphene is a two-dimensional lattice of carbon atoms that are arranged in a honeycomb pattern
forming a hexagonal lattice [1]. After its experimental discovery, graphene has attracted a of attention,
which is in part is due to its exotic electronic properties. Some of these include high electron mobility,
excellent conductivity, peculiar tunneling phenomena and other interesting transport and structural
properties, which would be too many to list [2]. Graphene is interesting from a fundamental research
perspective, as well as for potential technological applications [3], for example, in the study of liquid
crystals [4], solar cells [5] and high-frequency electronic devices [6]. Particles in graphene near high
symmetry K points are described by a low energy effective model, the Dirac-Weyl Hamiltonian for
massless charged particles. One of its striking features is the linear gapless energy dispersion relation
represented by conic conduction and valence bands [1].
Recently, graphene-based quantum rings produced by lithographic techniques have been experi-
mentally investigated [7]. These systems have been studied theoretically using a tight-binding model,
which does not provide simple analytical expressions for eigenstates and eigenvalues [8,9]. It has also
been shown [10] that it is possible to realize quantum rings of finite width by using electric fields
to confine electrons in this geometry. The influence of an applied magnetic field has drawn a lot of
attention [11] in the context of the important and interesting physical properties of quantum rings in
graphene. In this respect, one has to mention several recent theoretical studies related to different
properties of quasiparticles confined in nanostructures such as quantum dots [12–14] and quantum
rings [15, 16]. However, some of the most interesting effects on quasi-particles in graphene are due
to the presence of a disclination defect, which can significantly alter the electronic structure, mag-
netic and transport properties [2]. The desire to employ graphene for studying curvature effects is
motivated by the simplicity of the Hamiltonian and the important potential applications of graphene
in nanoelectronics and potential future quantum computing devices [2]. An individual dislocation in
free-standing graphene layers has been imaged using transmission electron microscopy [17]. Topologi-
cal defects resulting from either kinetic factors or substrate imperfections have also been reported for
epitaxial graphene grown on SiC [18], Ir (111) [19] and polycrystalline Ni surfaces [20].
In this paper we follow a similar set of ideas and consider a quantum ring of graphene with a wedge
dislocation that can be understood from Volterras cut-and-glue constructions [21] The calculations are
performed in the continuum approximation limit in the vicinity of the Dirac points. After a general
model description, we solve the model taking into account the radial and angular degrees of freedom.
We find eigenspinors in terms of the Hankel functions showing quantized energy levels in the asymptotic
limit. These results allow us to end up with a gap opening separating the conduction and valence
bands. We also find analytical expressions for the persistent currents as a function of ring radius, total
momentum, magnetic field, width of quantum ring and an integer index n. Such an index is induced
by disclination defect and quantifies the curvature of our geometry. To investigate the behavior of our
system, we provide numerical studies for a suitable selection of the physical parameters characterizing
our system.
The manuscript is organized as follows. In section 2, we present our theoretical model based on the
Dirac Hamiltonian to describe the new geometry obtained via Volterra construction. By introducing a
magnetic flux, we give the analytic solutions for eigenvectors and quantized eigenenergies in section 3.
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We then explicitly determine the corresponding persistent currents generated by rotating our system
in section 4. In section 5, we discuss different numerical results related to the energy spectrum and
the persistent currents. Section 6 contains a summary of the main results and conclusions.
2 Theoretical model
We consider a graphene quantum ring of radius R and width w in the presence of a magnetic flux
as shown in Figure 1a and study its electronic properties. We use the Volterra construction [21] to
model the disclination defect of our system by the regularized rings of radius R1 and R2 around the
apex and the removed wedge disclination as presented in Figure 1b.
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Figure 1 – (color online) (a): The conical ring after Volterra construction. (b): Unfolded plane of lattice where a wedge
of angle npi/3 is removed (n = 1 here). A potential (sketch on the left part of the ring) confines the electrons in the lowest
radial mode on a ring of radius R, avoiding the singularity at the origin. We rescaled the angle ϕ of the unfolded plane to the
new angle α = ϕ/(1− n
6
). The carbon atoms of the removed sector are denoted by open symbols, those which remain after
the cut are represented in solid symbols.
Particles in graphene have an electronic band structure with low energy band crossings at two
inequivalent high symmetry K and K ′ points, at low energies one can neglect contributions away from
Dirac points. Because of translational symmetry the Hamiltonians at the two different Dirac points
can be described independently as
H = vF [τzσxpx + σypy] + ∆(r)τzσz (1)
where σi, τi are Pauli matrices denoting the sublattice and valley degrees of freedom, respectively, vF
is the Fermi velocity and ∆(r) is the confining potential of the ring as shown in Figure 1, which is
defined by
∆(r) =
{
0, R1 ≤ r ≤ R2
∞, otherwise. (2)
The Hamiltonian (1) acts on the two spinors
Ψτ (r, ϕ) =
(
ΨA(r, ϕ)
ΨB(r, ϕ)
)
(3)
where ΨA/B(r, ϕ) is the spinor describing either of the two graphene sublattices A and B. It is
known that deformations of the honeycomb lattice enter the continuum description via fictitious gauge
fields [22]. As we review below, topological point defects manifest themselves by spatially well-localized
fluxes of the fictitious fields [23].
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We mathematically discuss the new geometry obtained via Volterra construction. Indeed, for the
non-rotated system, the eigenvalue equation Hψ(0) = Eψ(0) implies that the new spinor
ψ(ϕ) = eiϕσzτz/2ψ(0) (4)
fulfils H(Rz(ϕ))ψ(ϕ) = Eψ(ϕ) after rotation where Rz(ϕ) is a rotation matrix. This is because the
Hamiltonian (1) transforms as
H(Rz(ϕ)) = e
iϕσzτz/2He−iϕσzτz/2 (5)
which can easily be checked. Let us remove a sector from the graphene sheet (e.g. with a pentagon
replacement) and then glue the sheet back together at the edge where we cut it as shown in Figure
1b. Now one of the cuts can be chosen by convention to be at angle 0 and the other at angle −npi/3
where n is the curvature index that quantifies disclination defects. After gluing both of these angles
become the same point and are related by a rotation of angle −npi/3. Then, the wavefunction at this
point has to be single valued and gives directly the boundary condition
Ψ(r, α = 2pi) = −ei2pi[1−(n/6)]σzτz/2Ψ(r, α = 0) (6)
where we rescale the angle ϕ of the unfolded plane to the new angle α = ϕ/(1 − n6 ), α is varying
from 0 to 2pi. This, however, is not the complete story and one has to look slightly beyond the
continuum model to find the full story. Particularly, let us go to momentum space and cut a wedge
in the reciprocal lattice and then glue the lattice back together. We then find that for angles 2npi/3
equivalent K points get glued onto each other. For angles (2n + 1)pi/3, however, K points get glued
onto inequivalent K ′ points (a 60◦ rotation connects inequivalent K points). Now one can switch the
K and K ′ blocks in the Hamiltonian by the unitary transformation eipiσyτy/2. Keeping track of both
observations one finds the boundary condition
Ψ(r, α = 2pi) = −ei2pi[−(nσyτy/4)+(1−(n/6))σzτz/2]Ψ(r, α = 0). (7)
For a general index n we introduce polar coordinates (r, ϕ) defined in the unfolded plane according to
Figure 1b and perform two singular transformations
Ψ(r, α = 2pi) = λ(ϕ)µn(α)Ψ(r, α = 0) (8)
where λ(ϕ) = eiϕσzτz/2 and µn(α) = e
inασyτy/4. The first one λ(ϕ) transforms Ψ to a spinor that
is expressed in the local frame (~er, ~eϕ) with unit vectors along the radial and azimuthal directions,
effectively replacing ∂r by ∂r + 1/(2r) in the Hamiltonian. The second µn(α) introduces a matrix-
valued gauge field into the Hamiltonian, effectively replacing ∂α by ∂α+ i
n
4σyτy. One should note that
this transformation is performed to simplify the boundary conditions [24].
3 Magnetic flux and energy levels
At this stage, we introduce an external source related to the magnetic field. Indeed, in the effective
Hamiltonian, a magnetic flux Φ crossing through the origin is accounted for by replacing momentum
~p by the conical momentum ~p+ e ~A with vector potential
~A =
Φ
ΩnΦ0r
(− sinϕ, cosϕ) (9)
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where Ωn = 1− n6 and Φ0 = he is the magnetic flux quantum. We write the Hamiltonian (1) in polar
coordinate and apply the transformations through λ(ϕ) and µn(α), namely
H˜(r, α) = λ†µ†nHµnλ (10)
to obtain the transformed Hamiltonian
H˜(r, α) = ~vF
(
kr − i
2r
)
τzσx + ~vF
(
kα +
Φ
ΩnΦ0r
+
n
4Ωnr
τz
)
σy + ∆τzσz (11)
we have set kr = −i ∂∂r and kα = − irΩn ∂∂α . Since H˜(r, α) commutes with the total angular momentum
Jz = Lz + Sz, then we can split the eigenspinors into angular and radial parts
Ψ(r, α) = eijα
(
χA(r)
iχB(r)
)
(12)
such that j = m+1/2 are the eigenvalues of J and m ∈ Z. Inside the quantum ring, we use HΨ = EΨ
and show that the radial components satisfy[
∂
∂r
+
1
2r
+
1
rΩn
(
j + β +
nτ
4
)]
χB(r) =
E
~vF
χA(r) (13)[
∂
∂r
+
1
2r
− 1
rΩn
(
j + β +
nτ
4
)]
χA(r) = − E~vF χB(r) (14)
where we have defined the quantum quantity ν = 1Ωn
(
m+ 12 + β +
nτ
4
)
and β = ΦΦ0 is the dimension-
less flux. Decoupling the above equations, we arrive at the Hankel differential equation for χA(r)[
r2
∂2
∂r2
+ r
∂
∂r
+
(
Er
~vF
)2
−
(
ν − 1
2
)2]
χA(r) = 0 (15)
giving rise to the solution of the radial part of the eigenspinors
χτ (ρ) = aτ
 H(1)ν− 12 (ρ)
isgn(E)H
(1)
ν+ 1
2
(ρ)
+ bτ
 H(2)ν− 12 (ρ)
isgn(E)H
(2)
ν+ 1
2
(ρ)
 (16)
where H
(1,2)
ν (ρ) are Hankel functions of the (first, second) kind, (aτ , bτ ) are the normalization constant
and we set the variable as ρ = Er~vF .
Now we look for the eigenvalues associated to the above eigenspinors. To this end, we first de-
termine the coefficients aτ and bτ using the boundary condition of the ring induced by ∆(r) such
that ∆(r) → ∞ outside the graphene ring. For this purpose, we adopt the infinite mass boundary
conditions [8,14] at the two points r1 = R−w/2 and r2 = R+w/2, with R = R2+R12 and w = R2−R1.
Indeed, for χB(ρ1) = −iτχA(ρ1) we find
aτ
bτ
= −
H
(2)
ν− 1
2
(ρ1) + τsgn(E)H
(2)
ν+ 1
2
(ρ1)
H
(1)
ν− 1
2
(ρ1) + τsgn(E)H
(1)
ν+ 1
2
(ρ1)
(17)
and χB(ρ2) = iτχA(ρ2) gives
aτ
bτ
= −
H
(2)
ν− 1
2
(ρ2)− τsgn(E)H(2)ν+ 1
2
(ρ2)
H
(1)
ν− 1
2
(ρ2)− τsgn(E)H(1)ν+ 1
2
(ρ2)
(18)
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where R is the ring radius and w its width, see Figure 1. We can rearrange (17) and (18) to obtain
the energy eigenvalue equation z(1) = z(2), with
z(i) =
H
(i)
ν− 1
2
(ρ2)− τsgn(E)H(i)ν+ 1
2
(ρ2)
H
(i)
ν− 1
2
(ρ1) + τsgn(E)H
(i)
ν+ 1
2
(ρ1)
, i = 1, 2. (19)
To obtain an analytical approximation of the energies, we use the asymptotic form of the Hankel
functions for large ρ, including corrections up to order 1/ρ2. That is
H(1)ν (ρ) =
√
2piρei(ρ−νpi/2−pi/4)(1 + δν) (20)
where
δν = −(4ν
2 − 1)(4ν2 − 9)
128ρ2
+ i
4ν2 − 1
8ρ
+O(ρ−2). (21)
Now using the fact that
[
H
(1)
ν (ρ)
]∗
= H
(2)
ν (ρ) and z(i) = z
∗
(i), we obtain the approximate energy levels
Emn = E0
[
τpi
2
±
√(τpi
2
)2
+ ν2
(w
R
)2]
(22)
where we have defined E0 =
~vF
w . Explicitly, we have
Emn = E0
τpi
2
±
√(τpi
2
)2
+
1
Ω2n
(
m+
1
2
+ β +
nτ
4
)2 (w
R
)2 (23)
which are in fact the quantized energies and reflect the basic characteristics of our system that will
be numerical analyzed.
4 Persistent current
In graphene systems the persistent current (PC) can generated as follows. We wrap up graphene
ribbon to form a tube or ring with a magnetic flux passing through the hole, then the helical edge
state provides a robust channel for PC. On the other hand, the existence of PC in a normal metal ring
was first proposed by Buttiker, Imry and Landauer [25]. Recently, with the advent of nano-fabrication
techniques, several experimental investigations have been made to confirm the existence [26, 27] and
the periodicity [28,29] of PC in semiconductor quantum rings. As for graphene rings, there are several
studies of PC with various geometrical shapes (without spin-orbit interaction). For example, flat rings
(similar to Corbino-disks) with various types of boundaries [8,30,31] or a tube with zigzag edges [32]
and folding a graphene ribbon into a ring [33]. In general the electronic current element between the
first neighbor sites i and j is given by [34]
Iij =
4e
~
Im
∑
n
f(En)c
∗
inHijcjn (24)
where Hij is the Hamiltonian of the system, f(En) being the Fermi function, cin are the eigenvectors
corresponding to the eigenenergy En. The total persistent current of a ring can be calculated by the
following formula
Ipc = −
∑
n
∂En
∂Φ
(25)
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with the magnetic flux Φ.
Motivated by the above findings, we calculate the persistent current, carried by a given electron
state, for our model of quantum ring in graphene with a disclination. Then, as far as our system is
concerned we have the relation
I = − 1
Φ0
∑
m,n
∂Emn
∂β
. (26)
and after some calculation, we end up with
I = ∓I0
∑
m,n
1
Ω2n
m+ 12 +
τn
4 + β√(
τpi
2
)2
+
(
m+ 12 +
τn
4 + β
) (
w
RΩn
)2 (27)
with I0 =
E0
Φ0
(
w
R
)2
. This result will be investigated numerically for a suitable choice of physical
parameters.
5 Numerical results
We consider graphene quantum ring, with inner and outer radii R1 and R2, respectively, of width
w = R2−R1 and a confining potential ∆(r) for the ring defined in (2) as shown in Figure 1. Here we
assume that an applied magnetic flux Φ only passes through a disk region enclosed by the inner circle
(i.e. R1 ≤ r ≤ R2), allowing us to explore the valley energy entirely due to the magnetic flux effect.
We will analyse the energy levels and the persistent currents to extract some informations about our
system.
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Figure 2 – (color online) Energy level for a graphene with pentagon defect (n = 1), square defect (n = 2), heptagon
defect (n = −1) and octagon defect (n=-2) defect as function of the quantum angular moment m for different values of the
magnetic flux: β = 0 (blue curve), β = 0.5 (red curve), β = −0.5 (green curve).
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In Figure 2, we present the results for the energy levels as function of the quantum angular moment
m for a graphene layer. We show in panel (a) the case of a pentagon defect n = 1, in panel (b) the
case of a square defect n = 2, in panel (c) the case of a heptagon defect n = −1 and in panel (d) the
case of a octagon defect n = −2. We consider different valleys K (τ = 1)/K ′ (τ = −1) and three
values of β = −0.5 (green curve), β = 0 (blue curve) and β = 0.5 (red curve). From (22), one may
see that the spectrum exhibits an approximate minimum if the quantum angular moment takes the
following form
m = −
(
1
2
+ β +
nτ
4
)
(28)
for a given value for β and is independent of w and R [35]. Comparing our results with those in [36],
we notice the creation of an induced pseudo-field β1 =
nτ
4 due to the presence of the disclination
effect. Such field is measured by a non-zero integer index n that quantifies the curvature and allows
the energy spectrum to be displaced in opposite directions of the two Dirac points K and K ′. As a
consequence, in a single valley the dependence of energy, for both the conduction and valence bands,
as function of m is symmetric according to ±m
E(τ,m, n, β) = E(τ,−m,n,−β). (29)
However, the energy also has a valley-index τ -dependent symmetries
E(τ,m, n, β) = −E(−τ,m, n, β), E(τ,m, n, β) = −E(−τ,−m,n,−β). (30)
Furthermore, in Figures 2(a,b,c,d) we see that there is an energy gap between the conduction and
valence bands, which is given by
∆E = 2E0
√(τpi
2
)2
+ ν2
(w
R
)2
(31)
and depending on different values of the physical quantities such as quantum angular moment m,
curvature index βn = β +
nτ
4 , quantum ring parameters w, R and valley index τ .
Figure 3 shows the energy levels as a function of the magnetic flux β for different valleys K (τ = 1)
and K ′ (τ = −1) while the disclination is defined by the curvature index (n = −2,−1, 0, 1, 2). In the
absence of magnetic flux (β = 0), the states with an quantum angular number m in the valleys K and
K ′ have different energy for the valence and conduction bands
E(τ,m, β, n) = E(τ,−m,β, n) (32)
that is because of the deformation of graphene. For β 6= 0, the states with an opposite m in K and
K ′ have the same energies
E(τ,m, β, n) = E(τ,−m,−β, n). (33)
However, it is interesting to notice that the degeneration may still possibly remain for a non-zero
flux, which is not the case for graphene with no defect (n = 0) [8, 36]. This comes from the periodic
dependence of the energy spectrum on magnetic flux βn = β+
nτ
4 . Physically the periodic dependence
of the energy spectrum on βn originates from the combined effect of graphene defect and the presence
of a magnetic flux, which affects the phase of the wavefunction.
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Figure 3 – (color online) Energy levels with m = 0 (blue), m = 1, 2, 3 (red) and m = −1,−2,−3 (green) as function of
magnetic flux β with R = 30 nm, w = 5 nm for pentagon (n=1) panels (a,e) , heptagon (n = −1) panels (b,f), square (n=2)
panels (c,g), octagon (n = −2) panels (d,h). The left panels are for τ = 1 and the right ones are for τ = −1.
The energy levels E/E0 as function of ring radius R are shown in Figure 4 for valleys K (τ = 1)
and K ′ (τ = −1) with β = 1/2, w = 5 nm, m = 0 (black line), m = 1 (blue dashed), m = −1 (red line)
such that panel (a): pentagon defect (n = 1), panel (b): square defect (n = 2), panel (c): heptagon
defect (n = −1), panel (d): octagon defect (n = −2). For small radii E/E0 have branches converging
like 1R with an energy gap between the conduction and valence bands, which depends on the curvature
8
index n. This behavior quantitatively differs from that found in standard quantum rings in graphene
(n = 0) in the absence and presence of magnetic flux [36]. In the limit of large radii R, we find that
there is a constant energy gap ∆E = 2E0pi2 , which does not depend on the index n. As a consequence,
the symmetry
E(τ,m = 0, n) = −E(−τ,m = −1, n) (34)
holds for all n. We also find the asymmetry E(τ, n,m) 6= E(τ,−n,m) is broken.
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Figure 4 – (color online) Energy levels with m = 0 (red), m = 1 (blue) and m = −1 (green) for β = 0.5 and w = 5 nm
and different values of the index n = 1 (pentagon), -1 (heptagon), 2 (square), -2 (octagon) for τ = 1 (dashed curve), τ = −1
(solid curve).
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Figure 5 – (color online) Energy levels for a graphene layer with a square defect as a function of R for different values of
width w (0.3, 0.4, 0.5, 06) nm and β = 0.5. The left panel is for τ = 1 and the right one is for τ = −1.
To better understand the dependence of the energy levels E/E0 on the confinement of the quantum
ring of graphene defect, we present in Figure 5 E/E0 as a function of the ring radius R, at constant
flux β = 0.5 and n = 2 (square) for several values of ring width w. In the regime R < 0.1 nm,
E(τ) = E(−τ) = 0, for R = 0.1 nm, the energy spectrum has a maximum at E(τ = 1) = 8800 meV
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for the valley K and E(τ = −1) = 3000 meV for the valley K ′. We find that the energy spectrum
decreases with the increase in R. We observe that for small values of w, we reach large values of E,
such effect is due to the strong confinement. By increasing R to higher values, we notice that the
energy spectrum changes only slightly and converges towards constant values. It is clearly seen that
the energy spectrum exhibits an asymmetry E(τ) 6= E(−τ).
n = 1, n = 2, n = -1, n = -2
── τ = 1 τ = -1-4 -2 0 2 4-1.0
-0.5
0.0
0.5
1.0
β
I/I 0
Figure 6 – (color online) Persistent current I as a function of magnetic flux β for several values of the index n (-2, -1, 1,
2). The values for the other parameters are w
R
= 0.5 and τ = ±1.
In Figure 6, we present the persistent current I as function of magnetic flux β. We consider index
values n = −2,−1, 1, 2 for the ratio wR = 0.5. Note that solid and dashed lines correspond to the
valleys K (τ = 1) and K
′
(τ = −1). We observe there is nonzero persistent current with zero flux
for the two valleys and for any index n. It shows the degeneration of the valley I(τ) = I(−τ) in the
cases β ≤ −4 and β ≥ 4, but this degeneration is broken in the interval −4 < β < 4. Then, the
persistent current oscillates as a function of magnetic flux with the same period as in the well-known
Aharonov-Bohm oscillations [8]. The persistent current displays the following symmetries
I(τ, β, n) = I(−τ,−β, n), I(τ, β, n) = −I(τ,−β, n). (35)
Moreover, the amplitude of the current depends on the curvature index n.
n = 1, n = 2, n = -1, n = -2
── τ = 1τ = -1
0.0 0.2 0.4 0.6 0.8 1.0 1.2
-6-4
-20
2
4
6
w/R
I/I 0
Figure 7 – (color online) Persistent current I/I0 as a function of the ratio w/R for valley K (τ = 1) and K
′
(τ = −1)
with β = 0.5. The red, green, blue and magenta curves correspond to the curvature index n = 2, 1,−1,−2, respectively.
Results for the persistent current I of a graphene ring with disclination defect as a function of w/R
are shows in Figure 7. The red, green, blue and magenta curves are for the indices n = 2, 1,−1,−2,
respectively. The solid curves and dashed curves correspond to the valleys K and K ′, respectively.
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The curves have a fixed maximum Imax for w/R→ 0, which can be discussed by taking into account
the symmetry
Imax(τ, n) = Imax(−τ,−n). (36)
In addition, it can be noticed that the curves are different for the same valley exhibited by our system.
We can clearly see that when w/R increases then the persistent current I decreases up until w/R ' 1.
The degeneracy of the valleys K and K ′ is clearly lifted. In the regime w/R > 1, the persistent current
I becomes almost constant.
6 Conclusion
We have studied a graphene model in the shape of a quantum ring of inner radius R1, outer radius R2
and width w subjected to a magnetic flux. We have considered a disclination defect using a procedure
known as the Volterra process [21]. This transformation can be looked at as a cut-and-glue process
where we are cut and remove a sector in the quantum ring of a graphene layer. Due to the sixfold
rotational symmetry of graphene honeycomb lattice the removed angular sector must be a multiple of
pi
3 . We have involved a topological defect in a graphene layer using a fictitious gauge field following the
approach used in [22] where a gauge field is introduced in the Dirac equation in order to reproduce the
already known effect of the disclination on the behavior of the spinor. We have obtained analytical
expressions for the energy levels and the corresponding eigenspinors as well as the persistent current
using the infinite mass boundary condition [8, 14]. Our numerical results were exposed in terms
variations in the ring radius R, total moment, magnetic field, ring width and integer-valued curvature
index n.
In particular, we have shown that the disclination modifies the energy spectrum and shifts the
magnetic flux in opposite directions for the valleys K and K ′. Furthermore, the charge current is
affected by the pseudo-magnetic field produced by the disclination having opposite signs at the two
Dirac points. We have found an interesting behavior in the presence of a induced magnetic field,
which has no analog in quantum rings with no defect (n = 0). Indeed, for a graphene quantum
ring with a defect (n 6= 0), we have obtained a gap opening in the energy spectrum between the
conduction and valence bands that depends on the index n. We also have found that the persistent
current has oscillations as a function of the magnetic flux with an analogous period to the famous
Aharonov-Bohm oscillations [8] and obey the following symmetries I(τ, β, n) = I(−τ,−β, n) and
I(τ, β, n) = −I(τ,−β, n). Moreover, we have shown that the amplitude of the energy spectrum and
the current depends on the index n of the defects in graphene and on the width w of the quantum
ring.
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